1 Problem

We have a system of differential equations 1, xe, z3 € C*(R):

/
T, = 371 + T2
/

xy = 4x1 + 219 + 73

How do we find 21, 29, x5 for initial conditions z,(0) = —3,z5(0) = 1,25(0) = —17

2 Solution

2.1 Idea

Recall that if we have ' = kf (f € C*°(R)), the solution set is trivial: f = Ce* for all C' € R. We want
to break the problem down into blocks that look like f' = kf somehow; it may already feel intuitive that
eigenvectors would probably be useful here, even if not immediately clear exactly how.
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Now let’s write our system as 2’ = Az where A= |0 1 0] and z = |22 |. So x, 2’ € C°(R,R3),
4 2 1 T3

which is still a vector space. The idea is that the set of solutions z to this system S C C*°(R,R?) is also
a subspace of C™ (R, R?):

e Zero vector: for z = , 0 = A0 is true. Therefore 0 € S.

o O O

e Addition is closed: for z,y € S, Ax = 2/ and Ay = ¢/ so Ax + Ay = A(x +y) = 2’ + /. Therefore
r+yes.
e Scaling is closed: forz € S;c € R, Ax =12/ = cAz = ca’ = A(cx) = (cz)’. Therefore cx € S.

So if we can find a basis of functions fi,..., f, € S for S, we have a closed form for any element in S:

T = Z cifi for ¢; € R. It’s then easy to find the particular solution the initial conditions ask for; just plug
the Vlallues in.
e In general, the solution space S C C*°(R,R") has dimension n. Why?
e Motivation: Notice that x is uniquely identifiable by x(0) (or any ”initial state”; we arbitrarily use
0). Because 2/(t) = Axz(t) for all ¢, the movement of x is entirely defined across its entire domain,
and consequently x is entirely defined across its entire domain, simply by its starting position in R"™.
This might suggest that there could be a linear isomorphism between .S and R™, though this is only
the injectivity condition; we’ll have to dig deeper. We’ll construct a linear bijection £ : S — R”
where E(z) = z(0) to show that dim(S) = dim(R").
— Linear: E(z +vy) = (z+y)(0) = 2(0) + y(0) = E(z) + E(y) and E(cz) = (cx)(0) = ¢(z(0)) =
cE(x).
— Injective: We just showed this previously; we know it is.
— Surjective: every v € R" needs to produce a z € S. For any v, we can use z = e to
wrangle out a corresponding x € S; membership in S requires ' = Az, which this satisfies
(2" = Aettv = Ax).
e Therefore, S = R" = |dim(S) =n|

2.2 Finding the basis

Obviously, this basis decomposition idea only makes sense if the basis functions f; are easier to find than
the original x function.
e Luckily, eigenvectors make f; easy to define; if v; is the ith eigenvector of A, we make f; be a function
that only outputs elements in span(v;); that is, f;(¢) = g;(t)v; for some scalar function g; € C*°(R).
If A has an eigenbasis, then all f; will be LI and thus form a basis for S. If A doesn’t have an
eigenbasis... well, I haven’t learned enough to know what to do then, but this method is obviously
inapplicable.
e Now take a particular solution x, = fi(t) (expanded, we have ), = g;(t)v;); for it to satisfy x;, = Ax,,
g:(t) must satisfy certain constraints. Specifically:



e So for z;, = Az, it is necessary that g; satisfies g;(t) = A\igi(t). Perfect — this is trivial now. Set
gi(t) = etit. (We choose to leave the constant C as 1 because the constant is arbitrary in the presence
of an eigenvector in this context; furthermore, the scale doesn’t matter anyways, f;(¢) is going to be
a basis function regardless of how much it gets scaled.)

e Thus, | fi(t) = e Mo |.

2.3 Actually solving the problem now
If you do the math and find the (\;, v;) pairs for our problem, the basis is:

1
[ f1 (t) = €3t 0
2
1
[ ] fg(t) = et -2
0
0
e f3(t)=¢€"|0
1
So all solutions = which satisfy ' = Az live in span(f1, f2, f3); in other words, any particular solution x is
1 1 0
of the form o = c;e® | 0 | + coe? | =2 | + ¢3¢’ | 0| for coefficients ¢, o, c5 € R.
2 0 1
Plug in the three initial conditions into the equation to nail down a single point in the span:
-3 1 1 0
® 1 = C1 0 + C9 —2 -+ C3 0
-1 2 0 1
e This gives us a system of equations where ¢; = et co = ——,c3 =4.
e So [z | = —§€3t 0 — iet -2 +4et |0
I3 2 0 1
The final answer is, extracting from the vectorized solution:
5 1
o |1(t) = —§e?’t - §et

° xg(t) et

o |13(t) = —5e* + 4e!
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